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I. INTRODUCTION

After the introduction of the concept of fuzzy sets by L.A.Zadeh [6], researchers were conducted the generalizations
of the notion of fuzzy sets, A. Rosenfeld [7] introduced the concept of fuzzy group and the idea of
“intuitionistic fuzzy set” was first published by K.T. Atanassov [5]. S..Also T. Priya, T.Ramachandran, K.T.
Nagalakshmi” On Q-Fuzzy Normal Subgroups™ [3]..A.Solairaju and R. Nagarajan [1,2] introduce and define a new
algebraic structure of Q-fuzzy normal subgroups and Q-fuzzy left and right cosets. Choudhury.F.P. and
Chakraborty.A.B. and Khare.S.S,[4] A note on fuzzy subgroups and Homomorphism Journal of
mathematical analysis and applications In this chapter we introduce the concept of intuitionistic Q-fuzzy normal
subgroups and some properties are proved

I1. PRELIMINARIES

2.1. Definition:Fuzzy Set

Let X be a non-empty set. A fuzzy set u on X isa mapping u: X —)[0,1] and is defined as
u :{X e X /(X,u(x))}

2.2. Definition:Fuzzy Level Subset

Let u beafuzzysubsetof aset X . For t e[0,1], x4 :{Xe X [ u(x) Zt} is called a level fuzzy subset of

u

2.3. Definition: Fuzzy Multiset (FMS)
Let X be anon-empty set. A Fuzzy Multiset (FMS) A drawn from X is characterized by a function ¢ Count
membership’ of A denotred by CM, such that CM,: X — Q where Q is the set of all crisp finiteset

drawn from the unit interval [0,1].Then for any xe X, the value CM ,(X) isa crisp multiset drawn from
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[0,1]. For each X & X ,the membership sequence is defined as the decreasingly ordered sequence of elements

in CM ,(X). Itis denoted by (uAl(X), Ha, (X)) eeeenen Ha (X)) where
Example:2.3
Let X = {X, Y, Z,W} be a universal non empty set.For each X & X , we can write a Fuzzy Multi set as follows

A={(x,(0.8,0.7,0.7,0.6)),(y,(0.8,0.5,0.2)),(2,(1,0.5,0.5)) | where

cM,(0=(0.8,0.7,0.7,0.6) with 0.8>0.7>0.7>0.6
2.4. Definition: Q-Fuzzy set
A mapping u:MxQ —)[0,1], where M and Q are arbitrary non-empty sets is called

Q-fuzzy set of M and is denoted by A, :{[(x,q),u(X,q)]/XE M, qu}
Example:2.4
Let M ={m,m,,m,m,,m;} and Q={p,q,r} be anytwo arbitrary non-empty sets, then

A, :{[(ml, p),0.3],[(m,q),0.6],[(m,,r),0.4],[(m,, p),0.3],
[(m,,q),0.3],[(m,,r),0.6],[(m,,r),0.4],[(m,, p),O.B]}

2.5. Definition: Intuitionistic Fuzzy set (IFS)

Let X be a non empty set. An Intuitionistic Fuzzy set A on X is an object having the form
A:{<X,uA(X),yA(X)>/Xe X} . where 151X —[01] & 7t X —[0,1] are the degree of
membership and non- membership functions respectively with OS,uA(X)erA(X) <1

2.6. Definition: Intuitionistic Q- Fuzzy set (IQFS)
Let X and Q are arbitrary non-empty sets.An Intuitionistic Q-Fuzzy Set (IQFS in short) Ais an object having

the form A= {<(X, q) 1A (X, 0), 7a (X, q)> 'xe X,qe Q} where the functions
Uy X xQ— [0,1] and y,: XxQ— [0,1] denote the degree of membership and non- membership of each

element (X,q) e X xQ to the set A respectively, and for all Xxe X and
qeQ, 0<u, (X a)+7.(x0q)<1
2.9. Definition:

Let G beagroup. Afuzzy subset A of G is said to be a fuzzy subgroup of G if

(i) A(xy) = min{ A(x), A(y)}

(ii).A(x 1) Ax) " xyT G

2.7. Definition:

Let G be agroup. Afuzzy subset i of G issaid to be a normal fuzzy subgroup of G if

(). Oxyx ) = p(y) or p(xy) = u(yx)
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2.8. Definition:
A Q—fuzzyset u iscalleda Q-fuzzy subgroup ofa group G if

(i). s1(xy, @) = min { (%, q), (y. )}
(ii).m(x Lg)* m(x,q) " xyT G, qT Q

2.9. Definition:
Let u bea Q-fuzzy subgroup of a group G .For t €[0, 1], we define the level subset of u isthe set

ut={xeG,qeQ/u(xq)=t)

2.10. Definition:
Let u beamulti Q—1fuzzy subgroup of a group G .For t [0, 1], we define the multi level subset of g isthe set

uit ={X€G,qu/ui(X,Q)2t}

2.11. Definition: Intuitionistic Q- Fuzzy Level subsets

Let A:{<(X,q),/,tA(X,q),;/A(X,q)>:Xe X,qu} be a IQFS on X .Then for a,ﬁe[O,l], the set
Ale7] :{Xe X,0eQ/ u,(x,q) =2 and y,(x,q) Sﬁ} is called the (a,ﬁ)—level subsets of A.

Theorem:3.1
Let G be agroup and A be a Intuitionistic Q- fuzzy subset of G .Then A is a Intuitionistic Q- fuzzy

subgroup of a group G iff the Intuitionistic (a,ﬁ)—level subsets Al*”71 a, 6[0,1] , ,are subgroups of G

Proof:
Let A be a Intuitionistic Q- fuzzy subgroup of G and the (a,ﬁ)— level subset

APl ={xeX,qeQ/ uy(x,q)>a and y,(x,q) < B}
Let X,y e APl Then u(x,q)=ca and y,(x,q)< S
Now, 41,(xy™,0) 2 min |z, (x,0). 1,(y~L,0)|

=min {£,(x,9), 1, (Y, 0)}
=min {a,a}=a
Hence u,(Xy*,Q)>«a.

similarly , 7, (xy™, q) < Max {n(x,q),n(y‘l,q)}

= Max {7,(x,9),7,(y, )}
=Max {B,B}=p
Hence 7,(xy™*,q)<p.
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This implies Xy * € A“/1,

Thus Al*?! isa subgroup of G.

Conversely, let us assume that Al*?l s a subgroup of G
Letx,y e Al?) Then u,(x,q)>a and y,(x,q)<
Also, 1, (xy™,q)>a =min {«, a}

=min {4,(x,0), 1, (y, 9}

pa(Xy,0) = min {2, (x,9), 41, (Y, 9)}

Also, 7,(xy*,q)<pB =Max {B, B}

= Max {7,(x,0),7.(y.0)}

7, (xy™,0) < Max {y,(x,0),7,(Y,0)}

Hence A isa Intuitionistic Q —fuzzy subgroup of G

2.12. Definition:
Let G be a group and A bea Intuitionistic Q —fuzzy subgroup of a group G .Let
N(A) = {aeG/uA(axa‘l,q) =1, (x,9),7,(axa™,q) = 7,(%,q) VxeG,q eQ}.Then N(A) is called the
Intuitionistic Q —fuzzy normalizer of A
Theorem: 3.2
Let G beagroup and A bea Intuitionistic Q—fuzzy subset of G . Then A is a Intuitionistic Q —fuzzy
normal subgroup of G iff the level subsets A[“'ﬂ], a, 6[0,1] is a subgroup of G
Proof:
Let A be a Intuitionistic Q —fuzzy normal subgroup of G and the level subsets A[“'ﬂ], a, e[O,l],isa

subgroup of G.Let xeGand ae A"l then u,(a, q)>a . Now wy(xaxt,q) = u,(a,9) > a
Since A a Intuitionistic Q —fuzzy normal subgroup of G

That is, u,(Xxax™,q) >«

— xaxte A7

Similarly, yA(XaX'l, Q) =r.(a,9)<p

Since A a Intuitionistic Q —fuzzy normal subgroup of G
That is, y,(xax™*,q) < B

— xax'e A*”!

Hence A[“'ﬂ] isa normal subgroup of G
Theorem:3.3
Let A be a Intuitionistic Q—fuzzy normal subgroup of agroupG. Then

(i). N(A) isasubgroup of agroup G.
(ii). A isa Intuitionistic Q —fuzzy normal subgroup of a group G iff N(A)=G.

Copyright to JIRSET DOI:10.15680/1JIRSET.2016.0506083 9257



7
@
ISSN(Online) : 2319-8753

I I IRSET ISSN (Print) : 2347-6710

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)

Vol. 5, Issue 6, June 2016

(iii). A isa Intuitionistic Q —fuzzy normal subgroup of agroup N(A).
Proof:
Leta, be N(A) = u, (xax*,q) > a, u,(xbx™*,q)>a, for all xeG, qeQ. Now,

o (abx(ab)?, q) = u, (abxbat, q) =

= ﬂA(bXb_l1 q) = (%, 0).

Thus 41, (@bx(ab)?, q)= u, (%, q)

Leta, be N(A) =y, (xax™,q) < B, y.(xbx',q)< B, for all xeG,qeQ.
Now, 7, (abx(ab)™, q)=y,(abxba™, q)=

= 7A(bXb_l1 q) = 7A(X1 q) :

Thus 7, (abx(ab)?, q)=7.(x, q)

Thisimplies ab e N(A4)

Thatis N(A) is a subgroup of agroup G

(ii).From (i). N(A) < G, A isa Intuitionistic Q- fuzzy normal subgroup of a group G.
Let aeG = u,(axa™,q)=u,(x,q)=aeN(A).

ya(@xa™,q) =y,(x,0) = aeN(A)
Hence N(A)=G. Converselylet N(A)=G.

Clearly u,(axa™,q) = u,(x,q),and y,(axa™,q) =y,(x,q) Va,xeG, qeQ
Hence A isa Intuitionistic Q — fuzzy normal subgroup of group G..

From (2), A isa Intuitionistic Q — fuzzy normal subgroup of a group N (A)

Theorem: 3.4

If A isa Intuitionistic Q—fuzzy subgroup of a groupG . Then gu, 0" & gy,g™" are also a Intuitionistic Q —
fuzzy subgroups of agroupG for all geG and gqeQ .

Proof:

Let A isan Intuitionistic Q —fuzzy subgroup of a group G

Then (i). (9,97)(Xy, 9) = 1, (97 (xy)g, Q)
=, (97 (x99 y)g, q)
=11, ((97'%9)(9y9), a)
>Min {u, (979, 9), #.(97y9,9) |
for all V X,yeG and qeQ
Similarly, (97,97)(xy, @)=7.(97'(xy)9, @)
=7,(97(xg9'Y)g, q)
=7, ((97x9)(9'yg), q)
<Max {;/A(g‘lxg, q), 7.(97y9, Q)}
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for all Vx,yeG and gqeQ

(). (9u97)(X, d) =, (97'xg, Q)
=u((97x9) ", q)
=u,(97x7g, Q)
=91, 97 (x*, q)

Similarly, (97,97)(X, 9)=7.(97xg, 0)
=7.((97x9)", a)
=7.(97x%g, q)

=97,97(x", )
for all Vx,yeG and gqeQ .

Hence gu, 0" & gy,g™" are alsoa Intuitionistic Q—fuzzy subgroups of a group G .
Theorem:3.5:
Let A and B be two Intuitionistic Q —fuzzy subgroup of a groupG . Then AMB s also an Intuitionistic Q —

fuzzy subgroup of a group G
Proof:
Let A and B be two Intuitionistic Q —fuzzy subgroups of a group G

0-(AB)(y ™, a) = Minlas, (3L, a0~ |

> Min{min{, (x,9), 1. (y,9)}, min{ 1 (x,9), 145 (¥, ) }}
> Min{min{, (x,0), 15 (x,Q)},min {22, (y,q), 4 (¥, 0) }}

=Min{(ANB)(x,q),(ANB)(y,q)}

Thus(ANB)(xy?, q) = Min{(AnB)(x,q),(ANB)(y.q)}

Similarly, (Am B)(Xy_l’ q) - Max{;/A(xy_l, q)’yB(Xy_l’ q)}

< Max {max{y,(x,q),7(y,q)}, max{y, (x,q),7s (¥, 9)}}

<Max{max {y,(x,q),7s (X, q)}, max{y,(y,q),7s (. 9)}}
=Max{(AnB)(x,q),(AnB)(y,q)}
Thus(ANB)(xy*, q) <Max{(AnB)(x,q),(ANB)(y,q)}
(ii)- (AN B)(X, @)= Min{s, (X, Q), s (X A)} =Min{w,(x7, q), 4 (x7, 9)
=Min{(AnB)(x", q)}.
(ANB)(x, )= Max{y,(x Q),7s (% Q)} =Max{y,(x*, a).7s(x", q))
=Max{(AnB)(x*, q)}
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Hence ANB isalso an Intuitionistic Q — fuzzy subgroup of a group G
Theorem: 3.6
The intersection of any two Intuitionistic Q —fuzzy normal subgroup of a group G is also a Intuitionistic Q — fuzzy

normal subgroup of a group G .
Proof:

Let A and B be two Intuitionistic Q — fuzzy normal subgroup of a group G
According to previuos theorem, AN B isalso a Intuitionistic Q — fuzzy subgroup of a group G

Now we have to prove that AN B is a normal subgroup
Now V X,yeG and qeQ wehave

(ANB)(xyx, q)=min{u, (xyx™, q), us (xyx*, q)}
=min {4, (¥, ), 4 (¥, 9)}

=(ANB)(y. a)
Similarly, V x,yeG and qeQ we have

(ANB)(xyx™, a)=Max{y, (xyx*, q), 7. (xyx ™, q)}
= MaX{VA(ya q)!yB (y’ q)}

=(AnB)(y. q)
Hence ANMB isa Intuitionistic Q — fuzzy normal subgroup of a group G
3.7. Definition:

The mapping f :GxQ — H xQ is said to be a group Intuitionistic Q —fuzzy homomorphism if
(i). f:G — H isagroup homomorphism

(). f(xy, q) :( f(x)f(y), q) vV Xx,yeG, geQ

Theorem: 3.7

Let f:GxQ — HxQ be Intuitionistic Q— fuzzy group homomorphism

(i). If A is a Intuitionistic Q — fuzzy normal subgroup of a group H, then f (A) is a Intuitionistic Q — fuzzy
normal subgroup of a group G,
(ii).If f is an epimorphism and A is a Intuitionistic Q — fuzzy normal subgroup of aroup G, then f (A) isa

Intuitionistic Q — fuzzy normal subgroup of a group H
Proof:
Let f:GxQ-—>HxQ bea agroup Intuitionistic Q— fuzzy homomorphism and let A be a Intuitionistic

Q — fuzzy normal subgroup of a group H .

Now, forall x,yeG, qeQ we have f'(/,tA)(XyX‘l, q):,uA(f(XyX‘l, q))
ARCHORIRE
=1 (f(y), )
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=t (m)(y, 0)

similarly, f (7,)(xx, a)=7,(f (ox?, q))
7 FTO(F00) )

=u(F(y), q)

=f (va)(y. q)

Hence f (A) isa Intuitionistic Q — fuzzy normal subgroup of a group G,
(ii).Let A be a Intuitionistic Q — fuzzy normal subgroup of a groupG , then f (A) is a Intuitionistic Q — fuzzy

subgroup of a group H
Now, forall U,V eH wehave

f 1 q)= s q)= S (v,
(uA)(uvu q) f(uA)u:r:Nu_luA(y q) f(x):ul;J?(y)zvﬂ (v,9)
= Sup w,(y,q)=f(ua)(v.q) since f is an epimorphism
f(y)=v
f Lgl= m o (v.q)= Inf Ne?
CLS T AL S
= Inf y,(v,q)=f(ra)(v,.q) since f is an epimorphism
f(y)=v

Hence f (”A' ;/A) is a Intuitionistic Q — fuzzy normal subgroup of a group H .

111. CONCLUSION

In this article we have discussed Intuitionistic Q-fuzzy normal subgroups, n-generated Q-fuzzy Normalizer and
Intuitionistic Q-fuzzy subgroups under homomorphism. Interestingly, it has been observed that Q-fuzzy concept adds
an another dimension to the defined fuzzy normal subgroups. This concept can further be extended for new
results
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